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SUMMARY 


A definition for radius of curvature motivated by well-known geometrical properties of 
acirele and different from the usual definition for radius of curvature i civen. The nes 
definition is used to derive the usual two dimenstonal formulae for radius of curvature iy 
cartesian and polar coordinates, The usual parametric formufa for the radius of cur- 
vature ina two dimensional cartesian coordinate -ystem is also derived. cast inte vector 
form. and then physical arguments are used to show that the vector formula for radius of 
curvature is Valid for space curves. By use of this result and well-known Kinematic expres: 
sions for the acceleration and = velocity in) three dimensional coordinate systents, 
parametric formulae for the radius of curvature in rectangular, evlindrical. and spherical i 
coordinates are derived. Phese formulae are Chen used to derive equations for the radius 
of curvature in these coordinate systems when two of the variables are known as funetions 
of the third variable and also for the case where the variables are implicitl related to 
each other, The question of computing the radius of curvature for space curves defined 
only at discrete points is considered. and an explicit formula suitable for numerical 
caleulation onder these conditions is derived. The results of this work are then applied ta 


four problems: 


a. The tieasurement of one parameter characterizing enemy direratt maneuverability 


from radar data. 


bh. The desien of a deviee for measurement of radius of curvature for roads or railroad 
track, 


ce. “Phe design of a device for cheeking highspeed roads for proper banking. 


de A technique for the possible use of radius of curvature concepts te the desten af a 


Jand navigational system, 
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NEW RADIUS OF CURVATURE FORMULAE AND THEDR APPLICATIONS 


L INFRODUCTION 


L. Introduction, Phe concept of radius of curvature is uectud ismans applications, 
Because the focal length of a lens or mirror depends on the radius of curvature associated 
with the defining surfaces! researchers are interested In measuring and controlling the 
radius of curvature in biological? and nonbigdogteal’? aptie) systems. Bent ory -lal- 
are used in-electron probe microanalysis.” and for this reason and others. there i. an ine 


terest in measuring’ '! the curvature of ervstals. The concept has found application in the 


theory of Tinkages.!? fin gear design.!! in rotor vibcation.’® to flux containment. and 


in bone prostesis.'? To date. the radius of curvature concept does not appear to have been 


used tn oinine detection. bat this may change. 


! 


a) 


to Plecht and W. Zane. Gpties, Addison-Wesley Publishing Co. (1976), 


Wo Steel and Do Nouck, Veastwrtn Radms of Curvature ot Sott Corneal Lonves, Upplind Optics, 0 NA 
(1a77) 


ROOD. breeman. Corneal Radius of Curvature of the Kutten and Cat. dovestwative Ophitiialmotocs and Vises: 
Serence, 14, N3. 306 (L980) 


* CLS. Mactateh, Radius of Curvature of the Cornea An Experiment tar the Lite Sctonce Phousics bab, Niner 


Jour. of Phy stes, do. NO, 618 ¢ 1978). 


aA 


Mo.) Gerchman and G. ©. Hunter, fipterentiad technique for tecurately Measuring the Kadity ot Citiature 
Of Pong Radius Concave Optical Surtaces, Opt. Png. 19. No, 893 C188, 


POD. MeGrath, Volume Method tor Funding Radius of Ctrvature, Sky and felescape. $4 TE CEa8ar 


VoL. Sherstobitay, Crdinadrical Mirror With a Controlled Radius of Crrvenere Sov V2 Ouanturn fo ctraa., 
4 (LW RATD CL97S). 


1S. Barks. Alecrron Probe Microanalysis, John Wiles and Sons, Ine, C1971), 


bo /schech, G. Merz. Wo Bhiu and Ke Rletnstock. ft Staple Method tor Determine dre Rades ot Cremation 
ot Bent Spectrometer Crvstaly, Kastalb und Techaik: Crystal Researeh and Peclinotary, 2S. N80 28 cbse 


Ko Godwod. ALE Nasy and 7. Reh. dppliation ot Verney Priple-Cristal Spec tramicter tar Measering Bocites 
ot Curvatire of Bent Sinele Cri stals. Physica Status Sohdi Ae Npphed Research 34 N20 TAS Cpa) 


Vio Skhupes. GT Uspenskava, dppleaton of Verav Uethod tar Precision Measuremions of Bedi ot Curis 
ture in Monoecrs stalline Mates, Zavodskava Laboratorta 47. NO, TOU TOTS), 


“ROG Mitchiner and HL Eb Mabie. Svatresis of 4 Bar dinkage Coupler Curios sine Deortecnbes of Reties 
Crevature Circular Path Procedure, Mechanism and Machine Theory 12.N2. 147 1977), 


ROG. Mitehiner and WH. oH. Mabie. Surithess of # Bar Potkave Coupler Claris bine Dericctines at Kadite 
Curvature Straight Path Procedure, Mechanisis and Machine Theor Jo N22 bes chor 


ANP Brycbats. fool Curature Radius and Stress Concentration ti Revel tocar Pech.) Russtan basineenin 
Nournal $4. N17. 37 (1974) 


ROL Rateher, bttect of Radies of Curvature of Ball Rearing Grooves on Rotor Vibration, Russian | agineeninay 
Journal As NYE EL97S) 


KRofsune and KO Nika 2 fleet ot Rada of Yoke curvenere ont bechare Eas Oneist ge Some an Boren as 
Mare f Veserbues, Lapanese ournabot Apphed Phystes 2° NQ) Teas cba te) 


fo dohnsen RG) Burwell POU Dangerticld, &. Mitsud. and fi Mo tbarrtyom. barge fee ting a ton Mica 
por the Rudms ot Ctrvetere of the kemoral Head, Journal ot Bone and Tomt Sarcers British Nahin 
N28 Dd cok 


The emphast: in mine warfare is shifting awas from buried mines that are time 
cousdoiimg to tastall and rentove to surfaece-laid mines that ean be rapidly deployed. Con- 
sequentiy. the erplusis inning detection is shifting away from close detection te raped 
airborne methods. For the most part. these techatques rely on the refleetions of elee- 


tromagnetic tadiation emanating fram the surfaee of the mine. These reflection depen 


On: 

a. The waveleneth of the incident and received radiation. 

hb. Phe electrieal and thernial properties of the vine easing (compared to the sar 
rounding). 


e. The shape and finish of the mine surface, 


The concept of radius of curvature may prove tseful in characterizing mine shapes whieh 


Jetermine the reflectance properties and. hence. the detectability of mines. 


Direct experimental evidenee that the electromagnetic cefleeted stemal fram: a 
quinte’s surface depends on is shape and finish is available to all who lave satin a ear in 
midday waiting fora traffie light to change while observing the reflections from a nearky 
car. Phe strongest reflections come trom the front or rear windsbitelds. Phe weakest teflee- 
tiers come from the body of the vehicle. especially. if itis old and the finish wae not 
cared for. These observations are summarized by: the smoothest) surtaces give the 
strongest reflections, Qae can also observe that the apparent diameter of the san as seen 
in different reflecting surfaces changes with the shape of the surface: that objects eive a 
larue apparent diameter while surfaces with sharp curvature give ao smatler Apparent 
dhameter. When the ears start to move. changing the angles between the observer. the 
reflector. and the source. ane can observe that the conditions whieh must be satisfied for 
reflections from a flat object to shine into one's eves are stringent. while the condition- 
which must he satisfied from a curved convex object te shite tite anes eves are less 
stringent, The cceater the angle through whieh the conves surface turns. the less stringent 


is the condition for the reflection to shine into the eves of the observer. 


The person who would detect mines from the air may like all mines to have convex 
windshield-like surfaces so that reflections fron: them would be detected with the ease od 
reflections from a car during midday in the summer. Of course. the designer of mines 


does not oblige the person whe sotld detect them. But how close does die connie. tes. baw 


can the influence of shape on the detectability of a sarface-laid mine as seen trom the cat 


be quantified? To characterize the shape of a mine. something usetul for evabratine 


remote mine field detection methods againet different mines. the radius of carsature con 
ceplecan be used. \surves of the literature!” failed te reveal a systematic radios ab eur 


vature (reatment useful for calculating this quantity, 


One purpose of this report ts to give a comprehensive. easy-to-read: treatiient 
Which emphasizes how to use and how to calculate radius of curvature. Another Purpose 
af this report ts to develop the idea of radios of curvature in amore natural and plivsrea 


way than is usually done. 


Given acurve vo = fo the usual method!) of deriving the formula fer the 
radius of curvature ata point ~o along the curve start. with) the definition ot 
eurvature! ok 


d y) 


ds 


where O is the anele between the veetor taneent to the curve at the points and the positive 
Noanis. and = is the curve length measured from an arhitrary point. More advanced 


treatments?! 2°" define curvature by 


duty) 


ds 
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Netall authors take the abselute value 


5 
s 


where Wis Cunil veetor taneent to the curve and s has the same Ler prebation as ire eqn 
Hon tbior sive’ parametric definitions readiby identified as berry eqs alent toecle 


Vhe radius of curvature yo is then defined: bs 


| 
P ee é (pa 
A 
With these deftraitteris. if ts Showa ta introductory cabeutus test. that 
Che eres : 
‘i ay) 
vo 
Typueadls the forma 
(1 a ba : 
t — thi 
i? Shale rr” 


is derived trom: equation (stowhich ts applteable to a eurve c = rtf given in polar eaar: 
dinates. Phen. either equation stor ch is applied to the equation et aeirele with radias a 
and itis shown Chat e = aasexpeeted. To this way. the detinttion tor eadius of curv ature 


ts shown te be reasoneble, 


Phere are a number of reasons why the tradittonab appradch ts aoer eatirels 
satisfactory. Phe definition tequation (2u for radius of curvature appears to be “pulled 
ortoot oa hae as at as mot usually partial ones network of knowledge prier to the deriva 
tien and so the derivation itself is not well motivated. Since cudtus af curvature i ine 
dependent of the coordinate svsteni i is undesirable to make reference to a coordinate 
system but this is done in the definition (equation (2y. Wthoueh reterenee ts made to a 
coordinate svstent in the definition. in the traditional approach itis not shown that the 
radios af curvature ata point along the carve is independent af rotation. or transfabens 
of the coordinate -vstent or the type of coordinate svstem used. The geometrical inter: 
pretation of radias of curvature ts met emphasized and socone may ath to vet an titaitive 
feeling for the concept, Finally. the elementary traditional treatment does not allow ane 


to aetially caleutate the radius of curvature for carves which are dot coutined toa pli, 


POM Npostoh Vareaienea? Pichous Addison Wesles Posy 


TM Npostol, Cafcidies) Bhasdell Publishing Phause © f9O00 


Bea 


Here an alternative treatment af caddies af cary ature cs cpvert whereby vere ote + the 
defects. burtherniote. a uimber of new results are siven which do not appear an ais 
the consulted references. WPot the results for cadtas of curvature develaped ta this cc je 
are samminarized in the appendix. Pornitae white de tet appear da ais of the conedt 


references. in the appendix. are destanited with aa asterisk ater the eqinition tone 


Almost evervone whe bas studied elementary plate geometry knows how te ty 
the center of a cnrele usine a strateht edee ane compass) creet perpensdienbar baseeter 
twooarbitrary chords: the center of the cirefe is where the perpetdi ilar lisectats toe 
Phos sueeest. that the radius of curvature ote aeurve so frat the peut Seconded 
found by: drawing one chord between the points fin abo bt AN te oe Agi 
another chord between the points ty -- Ax. fis = Asn and os tan erect perpenedic at 
biseetors fo these chords and: determine as Ay = OG the courcdingtes ON Yt where i 
perpetdioutar biseetors meets in this report the radius of curvacuee is defined tas th 
distance between iy tand (NY oeRigure bi Uthoueb itis treads Kerawre that the cent 
ofearvatire of a potot Poon aenrve is the lindtine position of the toencal te the curve at 
with a nerehbortne normal a derivation of this result alone the lines eivern here dives nm 


appear te have been previously done, 


0 


P+ 


P 
P— 
Figure 1. Definition for radius of curvature used tn this report 
P,P and P, are three adjacent points on a curve C. The distance °s from P to #  uquats the 
tance from P to P,. Perpendicular bisectors of these two chords meet at a point O. The radius 
curvature for the curve C at the point P is defined as the distance from O to Pin the linut as 
approaches zero. 


yD 

BO We A OB, Be Vo in ttaiic Wk ID si hes foe eee eh Fas ROT ieee Oe BORE. Aig a ae 
Cag peda 

if 


Phe dotiniteen ter ge owen here aa appear te dition frog: Che detintmoer cuvcm op btoass dsr anda x 
Feneth oot the two chords ate tad) equah wheres an die detmiten oven abeve the prescient te ty. 
emothe voasts Scare taken tebe cymal bio twee detimitio ts are cepamademt sta am ra tat as oy 
cene both fiend besethea re 609 COPE) nan cereal 


A heuristic derivation of equation (31 huased on the definition of radius of 
cursature given above is presented in paragraph 2. \ parametric representation of equa 
Hen idyis derived in paragraph 3. In paragraph boi is shown that the parametric form of 
equation (3) ean be represented in termes of vectors. The vector form of equation (3) shows 
that pois a seahir independent of coordinate system rotations. translations or type. tn 
paragraph o. it is shown. using physical arguments. that the vector representation of pis 
valid for space carves. Paragraph 6 applies the vector equation for radius af curvature to 
compute the radius af curs ature in polar coordinates both parametrically and for the case 
where cis Known as a function of @ In paragraph 7. it is shown that the definition for 
radius of curvature adopted in this report agrees with the usual definition. and that the 
vector formuba for radius of curvature derived) in paragraph Pagrees with a more come 
plicated vector relationships given by other authors. In paragraph & formulae for radius 
of ceurvature applicable Cao space curves expressed in) ceetangular. evlindrical. and 
spherical coordinates are derived. In paragraph 9, formulae for the radius of carvature 
are derived when the curve is defined implicitly. Paragraph 10 discusses the problem of 
computing the radins of curvature when the curve is known ata diserete promt. and in 
paragraph EL. the result. of paragraph [OQ are applied to four engineering problems. The 
dppendis to this report sanumarizes the various formulae and describes when they are 


applicable. 
Hl. INVESTIGATION 
2. Derivation of Radius of Curvature in Rectangular Coordinates. Let P.. 
Pand Po denote the points is — Ax. fin — Aspe ty. fix and (+ As. fin + Asi. Then 
my and ma whieh denote the slopes of the chord from Pooto Poand from Pte P, respec 


tively are: 


fxd ttn AND 


m, = 
Ax 
: fx t+ Sxy tts) 
m; 


A 
OxyX 


The coordinates (Ny.44) of the midpoint of the first chord 1s 


An texnrt tn And 


and the coordinates (v2.92) of the midpoints of the second 
a ‘ 


. i + if + ; 
chord (s + Ar. Wx) + Hx + And 


» Phe equation of the line perpendicular to the first 
| yy 


chord has slope (—T/my) and: so the equation of the perpendicular bisector of the first 


chord ts 


6) 


which ean be rewritten in the form 


NS otomyy = ur Fogg. (oat 
Sinilarls. the equation of the perpendicular bisector of the second chord i- 
N + mov = x2 + mova, Abi 


The point (N.Y) where equations apand (Shy are both satisfied is the center of the cirele 


defined by the three points PLP and P_: 


\ tly \y muy Ns My, mts trys \,) (Oa) 
mM; my 
\ \; M1 t My; why) Ny 
(ob 


my my 


As AN Othe coordinates (NY) approach a potut inthe wv plane which depends on the 
pert (x. fd along the curve. To find the point whieh oNLY) approaches as dn =O. 


realize that 


ri my my. ae : 
Av) AN teal 
iia iy toy Ww 
Ay—0 > (oo) 


rere Vandy are the first and second derivatives at the point . of the curve. equations 


mand ath) are both reasonable: the first assert. that the difference in slopes divided hw 
calpproximates the second derivative and in the limit as Ay > 0 this approxtation i 
vet from the definition of sceond derivatives the second asserts that the averace of the 
ypeca Tittle to the deft and a little to the rieht of the point of interest approsimates the 


specatthe point of interest. Equations (enable my and nig to he written correct to first 


Jer in An: 


' ita =, 
mM, \ Ne ase ane) 
AY = 
mM, Voy (oh 
. 


ternately. equations (Tay and (7b could have been written down directly from the 


vlor series expansion, Simikarty. the Taylor series estimates for yy and vg correct to first 


ler in AN are: 


‘1 \ < Bat 
¥ 
reNN 
y> ae ee: 
: (Stor 


ae , ey 
VON YN \ QD 
x i a A Chad 
ns 
Wr AEE] 
\ pe SS 
Ra the 


Then the radius of curvature p is found from 
p=uUn~—sP tiv —yrr. chy 


\ sing equations (9). equation (10) reduces to equation (34. 


3. Parametric Representation. The curve y = fix) could be given in parametric form 
SS My = itty 
and there is a need to compute the radius of curvature for this case. This happens. forex 


ample. when a particle trajectory is found from Newton's law of motion, Po express equa- 


tion (3) in parametric form. reattze chat 


dy 
F dy dt v 
7 = —: (12) 
dy dy X 
alt 


d ‘ d “) 
EA eX See: 
5 ah ai ae oe ee 


\ ss Sec rees eet eS seo sf (h3) 
dy dy X \ 


dt 


Substituting equations (1s) and (12) inte equation (3) vields: 


t.Vector Representation, From the definition of radius of curvature given in this 
report. if is apparent that the radius of curvature isa property of the curve alone and not 
of the coordinate system. Thus. the radius of curvature is a scalar and one would expect it 
to be representable in terms of some scalar combination of vectors. [fa radius veetor eis 


defined by 


A 


A ; = 
rth = xCOE + VOU. (ho) 


a A 


where i and j are unit vectors along the x and v axis. then the velocily vector vis given by: 


VL) = P= ALT Vy. (lor 

and the acceleration vector ais given by 
. sate. we é 
Mt) = Vor= Nit Vj. (ty) 


The numerator of (1 looks dike the cube of the magnitude of the velocity vector while 
the denominator of (Lb) looks like the z component of the cross product of the acceleration 
and velocity vectors. With the help of equations (16) and (17) it ean be verified that equa- 


tion () dean be written in the form 


3 
v(t) (18) 
tadt) X vet) 


In equation (18) the numerator and denominator are both scalars. Thus. equation (18) 
shows explicith that) ts a scalar independent of coordinate system translations. rota- 


tions. or type of coordinate system used, 


3. Generalization to Space Curves, Note that equation (18) gives the radius of 
curvature of a curve confined to the (x.y) plane in terms of the magnitude of the z compo- 
nent of a vector. Suppose now that the curve is no longer confined to the (x.y) plane. In 


that case. the generalization of equation (15) t= 


A 


A a 
rt) = xCdEF VER + 700K. (psy 


Realize thatthe radius of curvature is defined as the Limiting position of three points and 
that three points determine a plane. Thus. ina coordinate system suitably retated so that 
the scandy aves are in the plane of the curve. equation (18) would still be valid. But. 
there is noe need to go te a rotated coordinate system because the acceleration and velocity 
vectors are the same physical vectors in both the original and rotated coordinate systems. 


Thus. equation (18) is valid for space curves. 


10 


6. Representation in Polar Coordinates. In polar coordinates. the radius vector 


ris viven by 


r=ra (19) 
is . . o . Pee . . 
where ais aunit vector in the direction of r. All three of the quantities in equation (19) 
can be thought of as functions of time, Differentiating equation (19) with respect to time 
the velocity is founds" 4 


A 
a 


« ~A 7 
ver=ra_+ Oa, 20) 


In equation (20) a, is a unit vector in the direction of increasing 8. The acceleration vector 


a ist! 45 
C ee ars Lee a os es A 
aver = i — Oya + (6 + 2b) a,. 
(21) 
From equation (20) 
vi) = P+ 22? 
From equations (21) and (20) 
oe a 7 ~ en . A 
aXv = dr — 6? — (6 + 276)ry k 
Thus. from equation (18) 
+3 22 3/2 
p= (ro +407) ; (22) 


KO? )yrO (0 + 20 ati 


Equation (22) is the polar coordinate analog of equation (Il dpand ts suitable if cand @ are 
functions of time, ‘To show the reasonableness of equation (22). which is uot given in any 
of the cited references. it can be applied to a general parametric representation of a cirele. 


Such a representation: is: 


r= i 0 = An) 


a 1M. Apostol, Calculus, Blaisdell Publishing House (1962), 


aS KR. Syinon, Vechanios, Addison-Wesley (1983). 


VW 


Substituting the parametric representation of a eirele into equation (22) vields (= a as 


expeeted. 


Now. suppose that instead of Knowing rand @ as functions of tine. that 


ris known as a function of 6: 


r = ri). 


In that ease. equation (23) can be parameterized conveniently by the relationship 


d=t Dat 


r= 6) = rip (21h) 


Equations (2 kay and (2 Hb) are completely equivalent to equation (23) In equation (2b. t 


Honld be thought of asa general parameter rather than as atime. Although in deriving 


equation (22). t was thought of as atime, if one reviews the derivation of equation (22) it 


is apparent that Wis in fact applicable to any parameterization of rand @. From equa- 


tions (24: 


Jn equation (25) dots refer to differentiation with respeet to time and prities refer ta dil- 


ferentiation with respeet to 6. Csing equation (25). equation (22) heeame- 


ae a 


\(r rr 


which is an alternate derivation of equation (4). 


A similar technique can be used to derive the applicable formula for the case 


where @ = Or). The result is given in the appendix as equation (AO). 


7. Relationship with Alternate Treatments. Che observation that equations (3) 
and (pean be derived from both the geometrical interpretation of radius of curvature 


(paragraph ly and the conventional definition of radius of curvature (equations (hy ane 


(2) shows that the two definitions are equivalent. 


b. Kresszig has given the resale’ 


a 
(rer) ~ He 
v eS fo.) 


(rere kr) (rere: 


and the same cesalt has heen given by Boek! ina different notation. bao show the 
equivalence of equation (27) with the result of equation (PR) given here. rewrite eqpnatiats 


(ES) inthe form 


P eee) - ariy) 


Ur N\rearN ri: 
Use the vector identity 
(AN Be € = AIBN) 
to write 
mXN rer Ney = Per X or \ en (28) 
Use the vector identity 
ANIBNG = A-OB-— ABE 
to write 
CNW Nh = rer toe ee, 
Phas. equation (28) ean be written in the form 


ry -- re rr, 1 


ioN\meir Nop = re ene: 


and using equation (28) ". equation CLR is shower ta he equipvatlent te tlvh 


we 


PR stte tdi Per ee Mote eres Dob Wako aad Sone de ga’ 
ca 


Kot Bakr Dob Buck bec eo Jet cfas Meteo Hilti ta a dae sy 
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8. Formulae for the Radius of Curvature in Three Dimensions. \ generaliza- 
tion of equation (1b valid for a space curve expressed in rectangular coordimates can be 
found as follows. Ditferentiate equation (15)% twice to obtain the velocity and aecelera- 


tiog vectors, Then. the cadtus of curvature is found from (L&4: 


; (hd 


Similarly. a generalization of equation (22) valid for evtindrieal coordinates 
mas be obtained. Realize that the generalization= of equation (20) and equation (21) 
validl for eviindrical coordinates ares 


. : eo A ' 
,=r a, + 4, + zk: 20) 
a =i 6) a + id + 2H) a, + Zh. Pane 


Then. the parametric format for the radius of curvature in-eydindrical coordinates can 


he written Crom equation (18). Phe result is given in the appendix as equation (XE21 
Similarly. a generalization of equation (22) valid for spherteal coordinates may be 
obtained. His known in spherical coordinates thats” 


oA 5 A : 7 ay 
vera + Oa, + ro -in fa: 


a= ir— bt ro? sin? 0) it a (rd) + 2 ro? sin Feo. Oy a, 
+ 110 sin + Ito sin @ + 2H vo OA, 


Phen. the parametree formula for the radius of curvature in spherteal coordinates can be 


weilten trom equation (18) Che result is given in the appendix as equation (VTO. 


Phe representation (1 Hy is teseful when wo. and 7 are Known as frmetion> of time. 


Alternately. the equations of the curve might be given in the form: 


s o= Vivi: 2 AND ln 


Po get anexplicnt format valid: in this ease. express equation (29) parametrically by the 
Sperone: 


Pd 
I 
i 


vib: = stl 


ROR Sct Wee dates Nahbpserm Wester C28 3) 


Then. the appropriate formula for the radius of curvature can be found from olay’. The 
results are given in the appendix as equation (AQ). The same technique is used to derive 
equations (ATO) and (ATT) from (48). 


Equation (AL2) is useful when the coordinates r. 6. and 2 are known as funetion- 
oft. Equations (413). (VER. and (ATS) whieh are useful if two of the coordinates are 
known as a funetion of the third coordinate are derived by setting the independent 


variable equal tod and then applying equation (AL2). 


Similarly. equation (ALO) is useful when the coordinates r.@. and @ are known as 
functions of t. Equations (VET) (ATS and (APO) whieh are useful Uf two of the coor 
dinates are known as a funetion of the third coordinate. are derived by setting the in- 


dependent vactable equal tot and wen applying equation (\1O). 


9. Radius of Curvature for Curves Known implicitly. The formulae derived up 
lo this point and summarized in the appendix (AL) through (AT9) are adequate if the 
equations of the curve are known parametrically or if the equations of the curve can he 
explicitty solved for one af the variables. Formulae are needed for the radius of curvature 


when the equation of the curve is known implicitly. 


Consider the eurse defined by Faas) = 0. To find a formula for the radius of 
curvature realize that the total differential dF is given by 


dF = Fody + Fo dy = 0. (BO) 
. Of: ‘ d : aE nate ? . : F 
where r = ok: and Fo = ah The derivative dy is readily computed from equation (304 
JX ay dy 
1 
ly 2 e304! 
dy by 


baqnation (30.0 wives ie asa function of sandy. By differentiating equation (QOr again 
1 ye EN { 
dy 


dey . . : 
—— rain be computed asia funetion of \. ands: 
yc 


day es | Podt oot) 
dy? dev. dv \ ie / 


} ( re eee oe dy) bak, dard. =) 


shi 


Since Vo andy" are known from equations BOW and (Sth the radius of curvature can be 


obtained from equation (V2y 


: oye 
HES se Ey : 
~ Pe Ree eS 20s ee eee eae 32) 
i be ad oe ee 
\ amy ® \ ae \ \N 


An alternative derivation of equation (82hean be obtained Crom equation (V3) bs 


computing So oamd v" 


Now. suppose chit dhe radits af carvature isto be compoted and the curve is given 
Wmiplieith tnt polar coordinates by Ford) = 0) dn that ease. an argument <imilar te the one 


even ahove shows that 


dr 1, ss 
— ais ot 
de be 
an 
Aly Abebs ele ace seth alee I 
foe —_—_--————- vty 
dd i 


Sinee pnd rare Known trom equittions (3) and 0 Ho the radians of curvature ean be 


ferine from equation (Vn 


Woe eye? _ 
p a son 
eal erie Sith 2 Pal nT 


Ae abternate derivation of equation (35) can be obtained trom equation (X60 by 


computing G7 and 6", 

To compate the radins of curvature fora space curve given duplicithy) in earteston 
coordinates as the intersection of the surface Fiys.z) = Oo with the surtace Gans) = 0 
proceed as follows. First. from the total differential of the functions band G: 

body + Bods + bods = 0: 30a 


Goody + Gods + Go de = 0, ob 


Now. suppose sis considered the independent variable so that the appropriate equation 


louse is equation (AQ) Alternately. sand 2 could be considered the independent variable 


< . er “s x d d 
and equations (ATOr or OAT DT) used. From equation (61 the derivatives “S rir me ar 
readily computed by Cramer's rale: dN AN 

! : 
F Foo F Be of 
x Zz v x 
= { sell \ 
lc Gs | c GC 
ee ee ee LL a 
dx dx 
F F F F 
y z y z 
G G G G 
y. z y z 


ALD of the quantities which appear un equation (371 are funetions of wv. ond oz. Thus. 


. ; : dry dey 
with the help of equation (37). Te and — can be computed as a function of the poiuts 
Uno dv- 


\.y. and z along the curve and then the radius of curvature ean be computed from equa- 


fon | A9), Anesplicit formula is not exhibited for this case. 


A strthar procedure can he used if the equation of the curve is given implicitly 


in-evtindrieal coordinates as the intersection of the surface Fur@.z) = Oo with the surface 
Gir.f.z)= 0. HE 6 is regarded as the independent variable then ar and | can he computed: 
du di 
F F F F 
2 | é z r 6 
| G G wate G 
dr. : a re! az, ¥ ‘ 
dt ; fie ee we Yaw (38) 
: | F F | a F F 
{ Yr z r 2 
G 
r G G G 
Zz r 2 


From equation (88) r" and 2” can be compated and then the cadius of curvature found 


from equation (ATU. 


The same technique described above for cectanwular and ey findrical coordinates 
can be used to compute the radius of curvature in spherical coordinates when the curve is 


known implicitly. 


10.) Radius of Curvature for Curves Known at Discrete Poings. Che forniutae 
derived oe described tn the preceeding section can beused when the equation af the curve 
is Known nan analytical form whieh ean be differentiated at least twiee. Ln practioad eur 
cumstances. the curve is often Known only at discrete points and there ta need to cos 


pute the radios of curvature for this case. Several approaches can be used 


Qte approach is to case the value of the fueetient at the discrete prottits te 


evaloate the appropriate first and second derivatives, Formulae tor dow this ane siven 


in au 


ny rhannpertesal analy sis books! and research articles.” DPhen the Appropriate terniaba 


choosen from equations CVD) through CX2 bean be used te evabiate Che cadre oft 


curvatire. 


u . F . ji 

“SMOG Sabador and M0 Baron. Vemertead Wi vdeo: Pnericcine Prentice Hall Ino chads 
,7 . 
ERIN, fondbook of Nronertosd Methods and Upplicgtens Nddtison Westes Paltistan: (2 obua os 


uN . F 
BoSchent. Merertcad Dats sis, MeGraw Fat Book Co ef9es 
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NOSavazky und Mobb Golan USoeothtoe and Fatterentiator ot Dana by Sitoplite bb oat Syiores Pre. 
dures.” Veal Chem te b627 ()90d) 


1S 


Another approach iste fit the diserete © point= with a continuous. pwice 
differentiable funetion that approximates the discrete poiite. Phe fir might be done dys 


rent 


the method of feast squares” ar by ans other method judwed appropriate, Frou the 
fitted analytical formula. the first and second derivatives can be computed and then the 


radius of cursatiece found from the appropriate equation (VP) tbrowgh (v2 b. 


In this paragraph. a method i+ developed for computing the radius of curvature 
when the curve is known at three adjacent diserete points. The idea is based on the 
following obsers ations, Any three pomnts in space define a plane providing toa two potat. 
coincide and the three points are not co-linear. These three point. determine a circle in 
that plane and the radius of curvature along the curve between the three potuts is here 
defined to be the radius of chat circle. 


To caleulate the radius of curvature. denote the coordinates af the center point 
and the two adjacent points relative to an athitrary origin by ro. ry. and ry respectively. 
Denote the vector from ro tory bs vi and the vector from ro tery byov2. het ny and nm, 


denote unit veetors ino the direction of vy and v2. Phen. 


= 7—- Po: Y2. = Pf. — Po: 39a 

\ A . : 

fig et Ne Bs 394 
vi \: 


Denote a unit vector normal to the plane of ny and my be nny Pheet. 


my, =m, Wn. 
eu) 
Ncunit veetor normal to vy and inthe plane efivy and vs asm Noy. Simiharly. a anit vee 
tor nortinal tev: and inthe plane of vy, andy; isn None. Thus. the parametric equation 


ona line perpendicutar to yy atthe midpoint of vy and in the plane of vy and vt 


se oe cd ‘ : 
“OR. Rektorys. editor, Mrrtea cet bpypitcble Wate certs Joe MEL Soci 


5 
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dares “ Amal Chem. te pele poe dy 


vid Bare peataetbed ot Pare Ps Na tite dob ast Sapa s Pts 


f, fh N 


‘ : : : : 
no teeny Nnse Nanyo. nih 


row tiny Ny it 
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Where the origin associated wath the vector ris the potot re. Phe triple vector crass pro 


Jract to tbs eaten bee rede cad 
b a. | ree : . : 
(te, Noto) Yoav, = me — mye mp my. 
see threat copttion (1is ean be writher ia the erin 


/ ‘5 me Ne = x 
r Wee Le Be id) 


simitlarky. the parametric eopation ofa fine perpendicular teva at the mitra of ve and 


inthe plane of ey) and vy as 


; fags BY, ap ee F 
r in, (— -tonyens jo. rh 
/ 


Phe taterscetion of the locus ot pomnts defined by 4 Phi with the low of potits defined t 
Pb2y define the center of the etrele. To timed this frei let or, and ry denote thes OT F 


of ram the my amd a. directions. Uhen, 
r> yy tren, rh. 


Comparicon of C13. and cil implies 


‘ , ‘ 
ro : — PM Wp: 


wad thos in toa dpe. equidhon EDP can be expressed: ton-paranectrical ly tes 


a ee 1 | ee idbas 


ay 


somilardy. equation (12) is expressed non-paraimetcieatly by 


Ihe the ty fig rddbn 


Phe center of the crrele is where equations (hha and Ci bbr are stnultaneousty satietred, 


This ts found frome Chih by Cramer's rate: 


: ‘y nyons vs 
! coat 
loony ny? 
\. Nyon, vy 7 
fs eS iff 


looanyras 


Lanation (Moris valid for nen-colinear points: Le. my cannot be parallel or antiparallel te 
nor the expression (1p becomes indeterminate. The radius of curvature pis the distance 
frome ro te the center of the etrele: 


p= treed = terypmy + orymgee cry ory 


= rt, + L2ryrgmype my, + erat cay 
bquations 89. ORR and (fOr allow the radigs of curvature to be computed nuntericalls 
Woops coordinate system and is the tinal result of this section. Phese equations are a 
ceneralization of a well-known veametcteab theareoi bn bieure 2. VG is a diameter af a 
comeerrele with Pood arbitrary potitien the semicetrele. Denote by vy and vy the vectors 
PAN id POL Phe wellbhttown geometrical cesult te that vi ots nermal toys and se from 


Poeure Zo the vadtus oo oof the enrele ts: 


on ee en 
j (a oe et ee 
: 
‘| 


Figure 2. Generalization of a well-known geometrical result. 
AC is a diameter of a circle with arc APC. P is an arbitrary point on the circumference of the circle 
and if v, and v; go from P to A and from P to C then a well-known geometrical result asserts that 
the vectors v, and v; are orthogonal and this enables the radius of the circle to be readily computed 
in terms of 1v,. and ‘v.:. In paragraph 10, a formula for the radius of the circle is found when v, 
and v; are vectors from P to arbitrary points on the circumference of the circle, and in section 12 


the results of paragraph 10 are specialized to the case where |v, i= ov; . 


.) 


This result) is obtained directly from equations Cir and (lor for the sprcendl case 


non, = 0. 
Hl. APPEL VETONS 


Tl. Aireraft, Maneuverability. The maneuverability of enemy aireratt is of con: 
siderable titerest to the friends fighter aireratt designer. One parameter which measures 
the maneuverability of an atreratt i the path length necessary for it to change the diree- 
tow of its center of mass through a eiven anele. Phi quantity is measured by the snnalbest 
attainable radios of curvature for the curve defined bys the center of mass alone a flit 
path and can de computed in the following was, Suppose from radar data that the 
spherical coordinates t. f. O, of aneenemy iireraft are hoown at the ith time instant. Phe 
~pherical coordinates at the i id. and it lo time instants define radius veetars rer. 
and or). Then. using equations (39). (loi and Chor the radins of curvature associated 
with the ith point can be computed. Chis can be doe for albi and the radius of carvatare 


exhtbited for all potots along the flisht path, 


The snecess of the scheme deserihed above depends on the aecuraes of the 
radar and the frequenes with which the data is taken. Phe one standard deviation error 
asseciated with the ith radar measurement can be represented as a sphere of radius R 
ceatered about the tip of the vector Poby whieh we mean that about 68 percent of the time 
the true value of the radius veetor will be within a distance Roof the measured value of 
the radius veetor, Denote the distance hetween re andr, |, by Ar. Chen. necessary condi- 
tions for the radar to accurately determine the minimum radius of curvature 2 are: 


Dun 


Pry 77 MN (Rj). vp, 2 iAr, 


WEN 


12. Curvature of Railroad Track. Que parameter of interest ta engineers re~ponss 
ble for maintaining railroads ts the horizontal curvature of a railroad track. Here a 
method for measuring this quantity is described. In Figare 3 ler AD represent a section of 
track. Vhe vectors vy and vy are drawn from an arbitrary poiut Patong the track in ap: 
posite directions to points Band © along the track. For stnplieity. the length of vy ae 


chosen to be equal to the lenght of vy: ie. 
“) = wv). ctr 


In practice vy and vy represent rigid rads of equal length mounted on wheels located at B. 
Pond OC. The rods are joined at P so that thes ean both rotate freely abeut the point. tn 
that case the radios of curvature of the track between the ene points of the vectors vy and 


v2 is determined by the length of the rigid rod and the angle between vy and vs ae the 


followtre arcament shows, 


A 


Figure 3. Measuring rattroad track horizontal radius of curvature. 
AD represents a top view of a railraod track section. Points B, P, and C are point on the track 
(mounted on wheels) which can move. BP and PC represent rigid rods of equal [length |v, joined 
at P so that they can rotate about a vertical axis through P. Then, the horizontal radius of curvature 


is determined by iv, | and the angle between the vectors v,; and v:. 


The explicit: formuta for the radius of curvature whem ov. = oy) isa 
spreetab ease of the equations (13) 015) and (tora paragraph 1, bquations (U8) add oboe 
crigidy 

: * F \ A, i 
vy Wyo ns Ny Hho gd. oe cas) ee Se \. 
pa enaan PERNA SER Ed Pe ee Ee es Se te 
, . AD Nos 
()o 0 taye er ivy (loamy? fe \; 
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p (rer): eg iy 
Cl t yeast 
Using CIT) equation (19) reduces to 
ae Pei a oe oe v, 
7a ee eee ee EE = 

is : ry = 5 (oy 

vod) t nye any yocl tng anes 


amd this result eam be used to measure the horizontal radius af carvature of the track for 
the device deseribed above. 

a eae ‘ i . 
Note equation (SO) asserts that ify and on. are antiparallel whieh corresponds to at 


straieht track. then pois infinite as expected, Note also that equation (OOF asserts that il ay 


A \ . : Z is a : 
and ng are parallel. then jy ~ 20 0 This conflicts with intuition sinee sueh a curve car: 


BY 


responds toa very sharp curve and one would expeet py to be zero, Nate that at the feraeth 
of oy, ismade small enough. then o ean be made to ipproach zero for this case. Peon 
this we learn that in using Op the length ov) should be no larger than twice the stallest 


radius of curvature that the device is expected to measure. 


With ao suitably choosen ov, and) vertically hinged rieid) rads. equation 10h 


could also be used for measuring the vertical radias of curvature of rathroad track. 


13. Banking of Roads. High speed roads are often banked so that an autemoteal 
vorng at the recommended speed will feel an effective foree perpeneiiontar te the read sar 
face. Phis reduces the possibility of the automobile slipping ahem the read toward th 
outside of the curve heeause of centriftieal force when the surface frretiat ae reduced 
fecoise of ratmoor snow. Ne bieure bshows. an qutemebabe teavelbrae wath ee 
dread with radius of curvature po and barked atan anole @ wall baw aie tbeetive betes 
perpendicular te the road. provided: the speed ov satisfies the ne Latrenstips 
Ve to pe tin A As a third application af the work done an Gis repent adbeviee a 
described whieh can determine cb the radius of carvature and the savede ot beak ate per 


perk adjusted forthe speed vateach point alone the curve. 


Figure 4. The proper banking for a fevel curved road. 
P represents the center of mass of an automobile moving with speed v perpendicular to the plane 
of the paper. AB represents a road surface banked at an angle ') with respect to the horizontal 
AC. The road is curved with radius of curvature ». The net effective force acting on the automobile 
has two components: a vertical component mg and a horizontal component mv’ /;). The diagram 


shows that when the condition tan “) = v* /(vg) is satisfied that the effective force acting on the 


automobile is perpendicular to the road surface. 


A device for accomplishing this is sketched in’ Figure 5. (AB. BCL and BD all 
represent cigid rods mounted on wheels aad each of the points ABLE. and Dare a con- 


svenienthy chosen height h above the ground. For convenience. cod~ BV and BC are chosen 
to be of equal length with rod BD and. alo. conveniently chosen to be equal tea lane 
width or some integer multiple of a lane width. Rods (BL BC. and BD have holes driffed 
so that thes ean all rotate freely about a vertical pin located at point B. Four peaple 
located at points (B.C) and Dare required to operate the device. As people located at 
points. Boand © walk along the read surface. each one keeps the wheels onthe painted 
line whieh defines the outside of the curve while the person at D Keeps the wheel on the 
painted line which defines the inside of the curve and also keeps the rod BU appros- 
imately perpendicular to both curves. Furthernore. all four people keep the rods of 
length bapprosimatels vertical. The device bas two angle measuring insteuments at 8. 
One measures the angle between the rods BA and BC. The cosine of this angle equals 
n-on, in equation (50), The other instrument measures the angle between BU) and the 
horizontal and corresponds to the angle @ defined in Figure 4. A small programmable 
contputer takes as inputs the length of the rod AB. the angle ABC. and the angle @. Then 
the radius of curvature pis computed from equation (50) and the optimum speed from the 
relationship + = (pg tan y%. Hf the two angles are fed automatically and continuously ine 
toa programmable calculator as the device is moved along the curve. than an operator at 
Bocan continuously monitor the optimum speed compnted by the programmable 
ealeulator and check that itis constant within certain limits. 


The idea illustrated in Figure 5 i- alo applicable te trains and railroad track, 


C 


h 
D / © 


Figure 5. Device for measuring optimum automobile speed on a banked, curved road. 
The device can determine the speed of an automobile such that the effective force acting on tt will 


be perpendicular to the road surface. 


ft. Vehicular Land Navigation System. Phe radius of curvature idea can be aed 
asa basis fora system. here called a vehicular band navigation <ystem (Pigare 61 where a 
moving vehicle will be capable of antomatically cecording its current. and v coordinates 
relative to an arbitrarily placed coordinate system. To such a system could be mide te 


work telably it would have at least two military uses. 


od 


X 


Figure 6. Principle of navigation system using radius of curvature. 
By knowing the radius of curvature p(t) and the speed v(t) for all time and the initial angle 3, the 
angle -; «s known for all time (see paragraph 11). Knowing vit) and o(t} the x and y components 


of velocity are known for all time as the figure above shows. By numerically integrating vid and 


Mi (t) the position of the vebicle 1s known for all time. 


Vovehicle equipped with this equipment would be useful tor recontaresanee, 
When the operator of the vehicle encountercd objects of interest thor example. mine fields 
weeded button could be pushed and the coordinates and acode identifying the item of in 
terest would be recorded on a magnetic card or stored inthe mentary af a prograniinible 
ealeulator. Vtthe base campoor in the vehiete the it + atten could be reeaded aad 


recorded On et a under less hazardous conditious. 


The second application tnvolves control af resources by al conmmraider, fhe 
dutomatic vehieular may beation system would contindoushy apalate it. coordinates atid 
place Chen ina register connected to a radio transmitter nornially turned oft. When a 
commander queried a certain vehicle. the transmitter would automatically respotd with 
Us coordinates and with a completely automated system might be able te do this quickts 
enough se that the enemy would not duive time fo veta fix. Amore intricate system: alec 
could quickly and automatically transmit any intelligence stored on the magnetic card 


described in the first -v-tem. 


How could a vebtoular Land mavteation svstem be anade? One was to de thas world 
be to have a evrescopernounted system whitelt would port in a reference direetian, When 
the veliele’s speed and the direction af the vebtetes motion celative to the reference direes 
Hion are Know. the coordinates of the vehicle could be contimuedshy apelated ustmne a pros 
eraminable cabenhator. Sinee wv rescopes are expensive and frastle. posstbls wt bess ex pretty 
sive and more practiogd) was to dinplement sacha system would be to use a econventional 
cortipeis te patil te the releren direction. \diffieutty with a eouvention al conipars te 
that if the vehicle goes over a buampoor patsses by aomagnetized object sack as a tank. then 
the compass will turn despite the tact Chat the vehiele nay uot have changed: direction 
and so the comptes eives a false reading. Hf (he anede the feoat wheel mikes wath the for: 
ward anise af the vehtele is hoewn. along with the speed of the veliete and this infornia 
tion ts compared with the anealir movements of the competes wheel (poset) greastured 
optically). the facet that the compass is deting erratically can be determined: antennae ts 
by the system. For example. if the vebiede is moving toa stratebt lie as determined: fis 
the speedometer. and the angle of the front wheel with the for ird ast ofthe veliete aod 
the compass i moving about a broad angular cane. then the system world has that the 
compass teaching erratically. Plime. with a conventional contpass. there i a teed far ape 
dating the vebtele’s coordinates during the time when the contpass te haewn tes be rae: 
curate. Phis need ean be satisfied Ty a sv-temr based on the cardia cf crn ature cane gil 


whieh will mew fhe described: 


: 
Vb , . ‘ 
Phe dtreetton et the velitde’s formar axes or detime das the directheen te vehi we bt + am des 


Surface wath the stoority wdreeb dead corter Phe storm wheel as at dead comps whoa the cates de titel 


cUrvabite 


the path et the velticde flay in itirete trdius 6 


In the discussion up ote this point. the radius of curvature dias been defined 
insueh away thatit is always positive. vehicle moving ina straight line follows a path 
with zero curvature and one would expect that positive or negative curvature could: be 
assigned tothe vehicle's path depending on whether the steering wheel is turned to the teft 
onthe right. As Fieure 7 shows. a vehicle moving connterclock wise corresponds to sand © 
Inereasing at the sane time and se tf equation (Uris written without an absolute value 
sign. this feads to positive curvature in equation (3). Thus. ina vehicle moving forward, 
positive radius af curvature corresponds to turning the steering wheel to the left from 
dead center, Similarly. when the steering wheel is to the right of dead center. this cor: 
responds to clockwise motion fora forward moving vehicle and a negative radius of cur 
vature. Phe magnitude of the angle which the front wheels make relative to the forward 
avis of the vehicle determines the magnitude of the positive or newative radius of eure 
sature for the vehicle. The relationship between these quanti€ies ean be measured ex: 
perimentally bs setting the wheel at an arbitrary angle @ with respect to the forward axis 
of the vehicle and then measuring the turning radius associated with this anefe. This in- 
formation can be stored in the programmable calculator so that when a sensor measures 4 
the progeaminable calculator ean. in real time. convert Chis measurement to cadias af eur: 
vature, We suppose that there are measurement systems on the vehiele which. at any 
instant of time. tell the magnitude of dhe velocity. vector vue and the radius ef curvature 
P(t). “Phen, 


dd Je 
1 _ do _ dt - at 
p ds ds v 
dt 
whieh can be rewritten in the form 
de _ vt) 
a (shy 
dt p(t) 
ar 
t 
Sth eas Gli 
pit) 
rly 


haniation (ob) asserts that if vithand p(t) are Known at each instant of time. and if Oot 
also known initidh. then the angle whieh the tangent or velocity vector makes with the 


positive sasvis will be Known for each instant of tine, This means that the projections of 


the velocity veetor on the sandy aes are known for all time: 


SSS SS SS SS SSS 
X 


Figure 7. The sign for radius of curvature. 
if one imagines a vehicle travelling along a curve, those points where the steering wheel is turned 
toward the left correspond to positive radius of curvature while those points where the steering 
wheel is turned toward the right correspond to negative radius of curvature. The reason for this 
is that in counter-clockwise motion s and © increase together while for clockwise motion increasing 


$s i$ associated with decreasing «.". 


— = Vb eos out: Wolf 
dt 

dy : 
—~ = th wt it. (2 t 
dt 


bayuations Coby and po) are readily Gategrated amtertealty bay the peesrannble 


caleibitoe: 


\, =, 
QO =z QO + { Pen y) 
BP, 
YG = A At ros Oo: ata 
, = 8, Atsin ©. toed 


Pguation (593) makes quantitative the following intuitive result: 


Wothke initial coerdimates and amele © fer the velttele aire hiewnl then oa 
Kitowledse of the veltele’s speed aad the angle @ whieh the front wheels make with the 
Vehiehes forward axis tor aff -ufeequent Cine enables the vehicle position. at all subse 
quent tities to be predicted. VUthourh equation 3) can concepts be ased te track the 
vehicle for afl tite. io practice. the technique ts onfs expected Co he gecarude far time ine 
tervals which are not too dong. Phe reason for this ts that uneertainties tn sand a in 


eqpiatien (oa atier a done time intery al dead to aneertictitios iO) and so the infernia 


| 
tron dediine whieh wan the vehicle i petting eventially gets lost at whtel time further 
otesration of cepration Cod ts to longer meceirefub Phe denath of tine tet this te Haas 


pep depends on the gnagnitides af po ov the preepsion welt whieh: these quantities are 


feasted. and the imeertuintios whieh ean he tolerated: ta the tinad pestron, 


IN. CONCLUSIONS 
15. Conelusions. Vhe radius of curvature treatment given in paragraph 2. while 
algebraically more diffientt than the usual treatment might be expeeted to appeal te 
ehedieers andl seienticts beeause i addresses the problem of computing the radius af eure 
vatire dna direct and intuitive way. Ht provides an example of the interplay between 
eeometry. numerical methods. and ealeulus teevaloatine a limit which sone readers mas 


fitted tristructive, 


some techniques suitable for the numerical evaluation of radius of enrvature 
aresiven, For curves confined to the plane. equations 06) and COs tts be used te tinsel the 
center and radios of curvature when the funetional values bat uot the derivatives are 


Known. beitions 9) (1a and (lO) generalize these results to space curves. 


Phe radius of curvature treatment viven an this report nrakes use af hinmeniatee 
and vector methods. techniques familiar to engineers and scientists aid se this party than 


Preatmenh may appeal te these people more thin the traditional ipprodels. 


Vsearch of the Fiterature failed to find the equations destonmated with) an asterisk 
ithe appendix. Phese aie the applications are the new results of this report. briinees 
anil scientists who have a need to compute the radius of curvature tras find thas cornpada 


tion of formulae and the methods used te derive them useful. 


Ii closing. the reader is left with some conjectures dealing with two aspects of thas 


subijeet. 


When the equation of the curve ts hnown impliaitly. equations Wc and Vas ielal 
the samme formula (N20) for the radius of curvature io cartesian coordinates Visas wher 
the equation of the curve is knew tiplicith. equations Wor and oVGc ve dd the sate 
fornia (AZT) for the radius of curvature i podar coordinates. Tos conpoctured that ter 
cartesian space curves huown implicitly. equoiions (VO, OV EOr ad VEG all vgedd the 


same formula for the radius of curvature. and a staan result wall be trae toes bid ites 


and sphecteal coordinates, 


Because the radias of curvature isa scalar independent of coordinate + stem 


translations. rotations. or type it was possible to express equation (Vb in vector torn: and 
the sector form of the equation (AT) was useful in deriving formulae ior radius af cnr 
vature dn Uiree dimenstons. Similarky. it is conjectured that equation CV2ZO0) ean fe 
represented asa scalar combination of vectors. For example. the numerator of equation 
(AD VE * VEY. Bat how ean the denominator be expressed as a scalar combate 
tion of vectors? ff equation (20) could be expressed asa scalar combination af vectors, 
then equation (N21) might be derived directly and -traichtforwardhy from equation | \20 
by using Aiown vector results. 
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APPENDIX 


SUMMARY OF RESULTS 
Note: bormulae which do notappeariany of the Consulted references of this report 
wre indicated by an asterisk after the equation number, 
A-1. Two dimensional curves. 


Cartesian coordinates, 


1 Pquation ot curve given parametrically by oN Mth yet) Phen 
ee. i .o. x 
(Not yr ee 
p (\dd 
VA NN 
E dy 
\ See 5 PEG, 
dt 
2. bquation of curve giver by yo VON Then 
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ype 
7 amen (Al) 
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' dy 
\ ae ULE 
UN 
3.) Equation of cume given by. ye A0y). Then 
’ w? 
(reo t dye : 
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eee 
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Noo owe ole. 
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Polar Coordinates, 


Pa 


Pqdation ef curve eiven parametri ally byoor orat eta 
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(rs 4 ro : 
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A-2. Space curves. 


General result. Equation of curve ds given parametrically by 


\ X \ . a} 
ret) NCES tC 7cDRK ort Ft. Then 
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Curtestan coordinates 


| Equation of curve is given parametrically by NAD tt 7 
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Oy dindrical coordinates, 


ve 


Pquation of curve given parametrically by or - ret tz ot Plea. 
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Ee One| epee 
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Spherical coordinates. 


Pguation of curve given parametrically bys r= rot - GO = GC. Phen 
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Pquation of curve given by or rd tO Then 
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(Ato 


(Acs 


(Adsi" 


Where 

Noor’ or ro’? sin? dd. 

Bool ore’ sin Gd cos 6, 

Coord sin + Oro sin t fre! cos a, 


4 Pquation of curve given by re rho daa Then 
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p ir rd tro osime AVY? 
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Bo rd’ + Or opin th cos, 
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4-3. bniplicit representation of curves. 
Dwerdimensronal Cunves 


| Cartestan coordinates. Equation of curve given by Pex) O02 Phen 


: poh Sete ee (ALOD 


Where db. ee OUG: 


Polar coordinates TP quation of curve siven by bora 00 Tien 
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dbar dy 
where I As LS, 
or 


Space curves. 


ay 


Cartesian coordinates. Equation of curve detined by interscetion of surface 


bonv.2) > O with surface Goss .7) = 0. Then 
F F F F 
= x Zz _ y x 
G G y c. 
x z 
dy . dz. (N22) 
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y z y z 
G G G G 
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}quation (A22)is used to compute y and 7. Then yp is computed from 


equation (AQ), 


Cylindrical coordinates. Pquation of curve defined by intersectien of surface 


bers) Owith surface Gerd.7) = 0. Then 
F F F F 
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Puation CA2 Sy is dsed te compate eo and 27 Then pis computed trom 


equaion CATA). 


ti 


3.0 Spherical coordinates. Equation of cure defined by intersection of surface 
Piro) Owith surface Gerd.) O02 Then 
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}quations (A24) are used to compute rand 6) Phen pars computed from 
equation CAPS). 


A-4. Discrete representation of curves. 


betryory and ry be radius vectors to points on the curve with r, going to the mid- 
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